Abstract-This paper presents an analysis of the performance of the Multiband Orthogonal Frequency Division Multiplexing (MB-OFDM) system for Ultra Wideband (UWB) communication in the presence of interference from a single-carrier IEEE 802.16 WiMAX system operating in the 3.5 GHz band. The intent of our analysis is to provide theoretical justification for the commonly-used bandlimited Gaussian noise model for this type of interference. We present an exact analysis of the uncoded bit error rate (BER) of the MB-OFDM system, based on Laplace transform techniques. We also present a simple and relatively accurate Gaussian approximation for the WiMAX interference.
I. INTRODUCTION
In this paper, we consider the ECMA-368 Multiband Orthogonal Frequency Division Multiplexing (MB-OFDM) standard for high rate Ultra Wideband (UWB) wireless communication [1] , [2] in the 3.1-10.6 GHz band. Because UWB systems in this band are operating as spectral underlay systems [3] , they will unavoidably be impacted by the transmissions of incumbent systems. In this paper, we consider the WiMAX 802.16 system for wireless Metropolitan Area Networks, operating in the licensed 3.5 GHz band [4] . The WiMAX standard consists of both single-carrier (SC) and OFDM-based modulation schemes. In this paper, we focus exclusively the single-carrier version of the standard for use below 11 GHz, referred to as WiMAX-SCa [4, Section 8.2] .
When WiMAX is deployed in the 3.5 GHz band, it will be a source of interference for MB-OFDM systems also using this band. For this reason, there has recently been some interest in co-existence techniques between WiMAX and UWB systems [5] , [6] . Recent work also examines the effects of single-carrier narrowband interference on system design in MB-OFDM systems [7] . In most previous work, narrowband interference is modelled as bandlimited additive Gaussian noise. However, it is not immediately clear that such a Gaussian assumption holds in the case of WiMAXSCa interference to MB-OFDM systems, especially due to the wide range of allowable WiMAX operating bandwidths. The question of the validity of this assumption motivates our work herein.
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II. SYSTEM MODEL
In this section, we describe the signal models for the MB-OFDM transmitter and receiver, and for the WiMAX interferer.
A. MB-OFDM Signal Model
The transmitted MB-OFDM signal is given by
where N m , T m , and f m are the number of subcarriers, the OFDM symbol duration, and the carrier frequency, respectively, cf. [1] . The transmitted Quaternary Phase Shift Keying (QPSK) symbols are denoted by x k,q , where k and q represent the subcarrier index and the MB-OFDM symbol index, respectively. The basis function for subcarrier k is given by
where C m , D m = T m − C m , W m , and Q m = W m /N m are the durations of the prefix and the data-carrying part of the OFDM symbol, the bandwidth of transmission, and the bandwidth per subcarrier, respectively, cf. [1] . While the MB-OFDM standard incorporates convolutional coding for error correction, we focus on uncoded modulation in this work in order to simplify the analysis. Ignoring the coding also allows us to isolate the contribution of the interference to the BER degradation, and to more clearly study possible approximations for the interference signal.
B. WiMAX Signal Model
The WiMAX transmitted signal is given by
where the modulated symbols are denoted by z , f n and T n are the WiMAX-SCa carrier frequency and symbol period, respectively, and p(t) denotes the square-root raised cosine pulse shaping filter with rolloff factor 0.25. The WiMAX standard specifies Binary Phase Shift Keying (BPSK), QPSK, 16-QAM (Quadrature Amplitude Modulation), 64-QAM, and 256-QAM modulation schemes [4] . For sake of space, we consider only BPSK and QPSK in this work, but note that similar analysis can be performed for the QAM schemes and similar results will be observed.
C. Channel Models and Receiver Processing
The MB-OFDM signal passes through a channel with impulse response h(t). Due to the relatively small WiMAXSCa bandwidth, and because of space limitations, we consider a single-tap WiMAX channel with amplitude A and phase offset α uniformly distributed on [0, 2π). The received signal, after downconversion to baseband and assuming that the interference signal lies in the band of interest, is given by
where ⊗ denotes the convolution operator, n(t) is the additive white Gaussian noise (AWGN), and
where τ denotes the timing offset of the WiMAX signal, which is uniformly distributed on [0, T n ]. For future reference, ∆ f n − f m is the separation between the carrier frequencies of the two systems.
The baseband processing consists of a filterbank matched to φ k (t) over [C m , T m ], and for subcarrier k is given by
Without loss of generality, MB-OFDM symbol index q = 0, and the statistic for subcarrier k is given by
We note that, since the basis functions φ k (t) are orthogonal,
k denotes the frequencydomain channel gain of subcarrier k with magnitude g k and phase η k , which is the sample of the Fourier transform of h(t) at frequency (f m + kQ m ). The termsñ k are complex AWGN variables.
The interference term can be expressed as
where
III. PERFORMANCE ANALYSIS
In this section, we provide an analysis of the BER for MB-OFDM in the presence of WiMAX interference.
A. BER Analysis with In-Band Interferer
We start by noting that MB-OFDM employs QPSK modulation, which can also be considered equivalently as two independent BPSK modulations. As such, and noting that both i k andñ k are rotationally symmetric, we can simplify our analysis by considering x k, as BPSK symbols in the real plane and noting that the QPSK performance will be identical.
We can form the decision variable for subcarrier k as
where {·} denotes the real part of a complex number. Since we have assumed BPSK transmission,
For future reference, we define the signal-to-noise ratio (SNR) as
where σ 2 n = E{n 2 k } is the variance of n k (which is independent of k), and E{·} denotes expectation. For subcarrier k, the signal-to-interference ratio (SIR k ) is given by
where we have separated E{A 2 } from σ 2 i,k in order to account for possible random A, cf. Section III-B, and σ 2 i,k is given by
since |z | 2 = 1. Given the MB-OFDM system hops over three bands, but that the interference power in two of the bands is zero, the overall average SIR is given by
The symbols x k are equiprobable ±1 and i k and n k are zero mean and symmetric. Using properties of the Laplace transform [8] , the probability of error for subcarrier k is given by
where p i k +n k (x) and Φ i k +n k (s) E{e −s(i k +n k ) } denote the probability density function (pdf) of (i k + n k ) and its Laplace transform, respectively, and c is a suitably chosen real value (discussed below). Due to the independence of i k and n k
and since n k is Gaussian, its Laplace transform is Φ n k (s) = exp(s 2 σ 2 n k /2) [9] . We are left with the determination of Φ i k (s). We begin by considering the conditional Laplace transform Φ i k |τ,α (s) = E e −si k |τ, α , which (since z are independent) is given by
We now consider two choices of modulation scheme for the symbols z of the WiMAX system: 1) BPSK WiMAX: We arrive at
2) QPSK WiMAX: We arrive at
where (·) denotes the imaginary part of a complex number. We let α = α − η k , and note that it is uniformly distributed on [0, 2π). By integrating over the distributions of α and τ , we obtain the Laplace transform Φ i k (s) as
We can now determine the probability of error for subcarrier k, given by (15). Unfortunately, (15) does not have a closedform solution and we must resort to numerical evaluation. This can be done efficiently via the Gauss-Chebyshev quadrature rule [8] 
, and K is a sufficiently large integer. We have found a good choice is K = 200 for the computations in Section IV. In general, the real-valued parameter c should be chosen to minimize θ k (c). We have found that a simpler yet suitable choice of c is the value which minimizes θ k (c)| τ =0,α=0 , which can very quickly be determined using standard numerical techniques.
We now present an approximation for the BER in (15). Assuming that the interference signal at subcarrier k with power A 2 σ 2 i,k can be modelled as an additional zero-mean Gaussian noise signal with variance A 2 σ 2 i,k , where σ 2 i,k is defined in (13), the effective noise power is given by σ 2 e,k = σ 2 n + A 2 σ 2 i,k , and the BER for subcarrier k is given by
where Q(·) is the Gaussian-Q function.
B. Overall BER Analysis
We first note that, when the MB-OFDM system is transmitting in a band where WiMAX interference is not present, the BER is given by
In the general case, A and g k are distributed according to probability density functions p A (A) and p g k (g k ), respectively. In order to obtain the overall average BER in the presence of fading, we average (15), (19), and (20) over these densities.
We first consider (15), and take first the expectation over
where we note Φ g k (s) E g k {e −g k s } is the Laplace transform of the pdf of g k . Therefore (21) can again be evaluated using the Gauss-Chebyshev quadrature rule [8] , cf. (18). The average exact BER in the presence of in-band interference is then given byP
We turn to the consideration of (19). We first take E g k {P a,k }, which, by using an alternative form of the Qfunction [9] , can be written as
where γ k = g 2 k , and M γ k (s) = E {e sγ k } is the moment generating function of γ k [9] . We can then express the average approximate BER in the presence of in-band interference as
(24) Using similar techniques as with (23), we can express the average BER without interference as [9] 
For first generation devices, the MB-OFDM hops over three bands with equal average usage, and the WiMAX system of interest is found in the first band. Thus, the overall BER is
with X ∈ {e, a} depending on whether (22) or (24) 
IV. RESULTS AND DISCUSSION
In this section, we present numerical results illustrating the performance analysis methods presented in Section III. To focus more clearly on the effect of the interference, and due to space limitations, we concentrate on the case of A = 1 and g k = 1 ∀ k, i.e., the case of non-fading channels for both the MB-OFDM and WiMAX transmissions. The parameters of both systems are chosen from the standards [1] , [4] . The results below have also been verified via simulations, which we have omitted due to space limitations.
We first consider WiMAX-SCa with BPSK modulation. In Figure 1 we plot the BER versus 10 log 10 (SIR) for different values of WiMAX-SCa bandwidth, for fixed 10 log 10 (SNR) = 10. We show both the exact analysis (lines) and the Gaussian approximation (markers). The Gaussian approximation is very accurate for small and large SIR, with some deviation at intermediate values of SIR. We can also see that the Gaussian approximation is worst for small values of WiMAX-SCa bandwidth, and improves as the bandwidth increases. This is due to the shorter symbol time of the wide bandwidth WiMAX-SCa signal, leading to a more pronounced averaging effect of interference during one MB-OFDM symbol duration. We also note that, for a fixed 10 log 10 (SIR), the BER tends to decrease as the interferer bandwidth increases. This is because the per-subcarrier interference power decreases as the bandwidth increases (since the average interference power is constant), and thus (since the BER decays exponentially with increasing SIR k ) the values of P e,k also decrease with increasing interference bandwidth.
In Figure 2 we consider QPSK WiMAX modulation, and plot the BER versus 10 log 10 (SIR) for different values of WiMAX bandwidth. We can see the Gaussian approximation is improved in comparison with Figure 1 , due to the increased randomness of the four-phase QPSK signal. We note that similar trends have been observed for OFDM interference signals [10] . We expect the Gaussian approximation to continue to improve for the higher-order QAM modulations.
In summary, we have obtained exact expressions for the uncoded BER of an MB-OFDM system in the presence of interference from a WiMAX-SCa system. We have seen that the Gaussian approximation is accurate for small and large values of SIR, and deviations at intermediate SIR tend to decrease with increasing WiMAX-SCa bandwidth and modulation order. 
